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1. I~VTRODUCTION 
Letf(z) be the Bessel function of order k (k is a positive integer). Then 
f(z) is given by 
f(z) = Jk(.z) = f (- l>” u”.z~+*v, 
V=O 
where 
1 
a, = J(k + v)! 2kf2” ’ 
In the present paper we shall prove the following: 
THEOREM. For any complex number z 
I f’(4 I f’“Wl 
max )If(4l ,T’- 2! 
If”“-“(4l ) > I f”‘c4I 
“..’ (2k - l)! j ’ 7’ (1.1) 
j = 0, 1) 2 ,..,. 
In other words, the entire function jk(z) has index not exceeding 2k - 1 
(cf. Section 6). 
Throughout this paper let 01~) Tk and 6 denote the numbers such that 
1.24 - for k > 3, 
01~ = 1.5 for k = 2, 
1 
2 for k > 3, 
45 
1 for k=l, 
L&L for k = 2, 
d/1.5 
1.17 for k = 1, 
and 6 = 1 + l/2. 
* The research of this author is supported by the National Science Foundation under 
Grant GP-7544. 
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Let Nk be the integer such that 
and n any integer such that 272 > Nk . By differentiatingf(z) 2n + K times 
we have 
f (2rL+yz) = (- 1)” (2n + k)! a,(1 + X1}, 
where 
and 
(2.1) 
Hence, for 1 z ) = r and rz 3 NJ2 
a,(2 - cash d$) < If 
(2n+?yz)j 
(2n + k)! 
< a, cash d/oI,r. (2.2) 
It follows that 
(2n+k+zy.4~ 1 f (2n+yz)l 
$!I + k + 2)! ’ (2n + k)! 
holds if 
a.,,,, cash d/oI,r < a,(2 - cash d/oI,r). 
Set 
an rlla=-. 
a,+, 
Then for n 3 N,/2, 
for k > 3, 
rl,=4(n+l)(n+k+l)3 for k =2, 
for k = 1. 
Now (2.4) can be written as 
(2.3) 
(2.4) 
(2.5) 
+09/30/I-IO 
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which holds for r < Tk and II 3 N,/2. In fact, we chose Tk such that (2.5) 
holds. It follows from (2.3) that for all 1 z / < T, we have 
(i) when k > 3 and 71 > 11;;./2, 
If m+ky2)l 
(2n + k)! 
(ii) ‘$z’$i’ < 1 ];(z)[ for tt 3 0, 
for 11 3 0. 
(2.6) 
By differentiating (2.1) once we have 
where 
v=l 
=(-ll)nf1(2n+k+2)!a,+,{z+X,}, 
(2.7) 
and 
for 
Hence, we have 
a,+# + k + 2) (2r - -& sinh dGr) 
< ‘f (2n+k+l)(s)l ~ 1 
(2n + k + l)! 
- a,+,(2n + k + 2) sinh ~GY. 
x& 
cw 
Set 
5, = 
a,+,(2n + k + 2) 
an+@ + k + 4) * 
Then for n > Nk/2, 
20 for k 2 3, 
5, > (2n + 4) (2n + k + 2) > 16 for k =2, 
12 for k = 1. 
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Now 
holds if 
C2n+k+3)(Z)~ 
(ii + k + 3)! G 
(2n+k+1yZ)I 
(Z + k + l)! 
a,+,(~2 + k + 4) -& sinh 1/Gr 
OLh 
< a,+#2 + k + 2) (2r - -& sinh 6 r) . 
(2.9) 
This can be written as 
and it holds for all I < TI, and n > NJ2. In fact, 
sinh ~‘&r 
dY$ 
<f++shGr<1.4 
and 
Consequently, from (2.9) we see that for all ) z ) < Tk we have 
(i) when K 3 3 
(2n+k+lyZ)J 
12fn+k+1)!Gmm I 
\gy’l;ll , lf’2k-2’(41 1 for n > NI, 
(2k - 2)! ! 2 ’ 
(2.10) 
(ii) I J(2n+3)(G I J%)l 
(2if +3)! G 3! 
for n to, 
(iii) I P+%)l < I P’WI 
(2n +2)! ‘2! 
for n > 0. 
(2.6) and (2.10) yield that for ( z 1 < Tk , (1.1) holds when k > 2; and for 
k=l 
(2.11) 
forj = 0, 1,2 ,... . 
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By Cauchy’s formula 
Hence, for / z 1 = T 
I f ‘W)l ~ d & WY + 3,f), n! 
n = 1, 2, 3 ,... . 
Now 
Hence, from (3.1) it follows that for 1 z j = r 
I f’“W 11 rf3k 
( ) 
~ i (y + 3)” / 
n! ‘<jq 2 exp t 4(k + 1) i * 
Next write f (z) = a,#‘(1 + AJ, where 
Then 
(3.1) 
(3.2) 
(3.3) 
From (3.2) and (3.3) we can see that 
holds if 
11 ,r+3k 
-- 3”K! t 1 
9 
- 
( (y + 3)” i Yk 
2 exPi4(k+1) i<m I 2 -exp 1 4(hYi 1) II * (3.4) 
Write 
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and 
Then (3.4) may be reduced to the form 
A(r) + B(r) < 2. (3.5) 
By a direct computation we can verify that 
d-4(r) 
dr<O for Tk < Y < 6, 
provided k 3 3. Thus, for Tk < r < 6 and k > 3. 
-4(r) < WA, since A(Y) is decreasing. 
Clearly B(Y) < B(6). A simple computation gives 
A( TJ < 0.35 for n 3 2k, 
and 
B(S) < 1.65, 
and hence (3.5) holds. 
Thus when k > 3 the inequality (1.1) holds for Tk < 1 z 1 < 6. To estab- 
lish a similar result for the case k = 1 and 2, we consider the following 
expression for J&z). 
where&, are real and greater than 6. Now for j z j = r 
(+ ‘)’ 
’ “(‘)’ a F(k + 1) J=1 
fi (i - $-j = Jk(r). 
, 
It is easily seen that for Y < 6 
(3.6) 
When k = 2 we have from (3.6) that for 1 z ( = r 
I J&)I b y2 (a - $) . 
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Let 
g(r) = i-2 (+ - &) . 
Theng(r) increases strictly as Y increases over [0, d6]. Hence, for T, < r :< S 
g(T,) < g(r), and by a direct computation we have 
g(T,) > f - (3.7) 
On the other hand, from (2.2) 
I I?+%)1 
(2n + 2)! 
< a,, cash 61 
for T2 < r < S and n > 0, and hence for n > 1 
a, cash 4/01,r 6 
cash l/GS 1 
96 <F’ 
(3.7) and (3.8) g ive that for T, < 1 z ] ,< S and n > 1 
for Ta<]z]<Sandn>l. 
Next from (2.7) 
I I?‘+%)1 
(2n + 3)! 
< -& a,+,(h + 4) sinh 6~. 
a2 
If n > 1 then 
a,+&h + 4) = (n + 3) ((n : l)!}S 2an+s G k2 ’ 
and therefore, 
1 J?)(z)1 sinh 1 
(2n + 3)! < 512 < 9’ 
Thus for T, < 1 z I Q S and n > 1 
(3.8) 
(3.10) 
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From (3.9) and (3.10) it follows that for T, < 1 z 1 < 6 
max 
I I 
I ./!%)I > I $%)I 
Oat43 ?Z! ‘j!Y j = 0, 1, 2 )... . 
We note that 2R - 1 = 3 when k = 2. Thus (1.1) holds for R = 2, also. 
We consider now the remaining case, K = 1. From (2.2) and (2.7) we have 
that for 71 3 0 and / z / = Y, 
I P+%)l 
(2n + l)! 
< a,, cash r’, 
I P+*b)l 
(2n + 2)! 
< a,+,(2n + 3) sinh Y. 
(3.11) 
cash Y < cash 6 
an cash y = qn + l)! 22n+1 ’ -j@- < 0.1, (3.12) 
and for rz 3 1 
sinhY 
a,+,& + 3) sinh y < i(n + 1),j2 22n+2 < F < 0.1. (3.13) 
On the other hand, from (3.6) 
I hWl 3 y (+ - g, . 
Let 
h(Y) = Y  (+ - &) . 
Then I /&>I 3 h(y), and h(y) > 0, h”(r) < 0 for Tl < Y < 6. Hence, 
h(r) >, min{h(T,), h(6)) 3 0.25. 
Thus 
I /&)I 3 0.25. (3.14) 
From (3.12), (3.13) and (3.14) we have 
I h(z)1 > * for all n > 4. 
Thus for Tl < 1 x I < 8 
oFz3 fJ$q q!, j=o,1,2 ,.... (3.15) 
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4. CASE / z 1 3 6. 
It is known that the Bessel function f(z) = Jk(z) satisfies the following 
differential equation 
z2f”(z) + zf’(z) + (z” - k2)f(z) = 0. (4.1) 
Let n 3 max(k + 2,4). By differentiating (4.1) n - 2 times we have 
where 
2n - 3 
44 = -&-- 5 
~2(~) = (n - 2)” - k” + z” 
n(n-1)X2 ’ 
%A4 2 1 = 44 = n(n . - 1)z’ n(n - 1) 22 
Hence, 
Now for 1 z / = Y 
(4.2) 
i I aj(4 d ; + f + ; (- $ + 
2 Y 
j=l n(n-1) + n(n - 1) i 
1 5-3n-P 
+ ( 1 * 7 - n(n 1) 
If n > (5 + r)/3, then 5 - 3n + r ,< 0 and thus, 5 - 3n < 0. Consequently, 
+ y GO 
n(n - 1) 
and 
5-33n-k2<0 
n(n - 1) . 
Therefore, 
i / aj(Z)l < f + & = 1. 
j=l 
If n < (5 + r)/3, that is, Y > 3n - 5 > 7 then 
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In either case, we have that if n 3 max(K + 2,4) then 
Hence, from (4.2) it follows that for 6 < / z 1 and K 3 2 
j = 0, I,2 ,..., and for k = 1, 
\ I /I”‘(4 1 > I Jli’(4 v- 
cl$% ( n! j ‘-) j! j = 0, 1, 2 ,... . 
5. COMPLETION OF THE PROOF 
We now show that for any complex number z 
We shall do this by showing first 
and then 
maxi1 J&4 , I J1’(41> > *. 
On differentiating (4.1), we have 
Ji% -= 
3! 
+,, Jl”‘(4 
7 + 44 9 + CG,@) h(z), 
where 
if r > 1.6. 
Hence, for I z 1 > 1.6 
(4.4) 
(5.1) 
(5.3) 
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From (2.6) (iii) 
(5.4) 
When Tl < ) 2 ) < 1.6, we have from (2.2) 
I ma cash 1.6 
3! 
< a, cash l/qr < - < 0.17. 
16 
But from (3.14) 
I J&)l 2 0.25 for T,,<IzId~. 
We note that 1.6 < 6, and hence, 
for T, < I z I d 1.6. (5.5) 
Now (5.1) follows from (5.3), (5.4) and (5.5). To establish (5.2) we rewrite 
(4.1) in the form 
Jp = - & J1’(z) - !?-I$ Jl(X)* 
Then for 1 x 1 = Y > 0 
Now for Y  > (d/5 + I)/2 we have 
and thus, (5.2) holds. 
For I < (1/5 + 1)/2, we have from (3.6). 
I X(4l B $ YIW, where Yl(Y) = (1 - $) + & (1 - f); 
take tt = 0 and k = 1 in (2.7). then 
Now 
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m (2v + l)! 
s5 t2v _ l)! ~J~“-~ -=c 3 (6.5 x lo-‘). 
Hence, by writing 
“=1 (& _ l)! ~v+l = rY&>v i 2v +
we have 
1 J&)1 m!-!$?d! > + ] Yl(r) - Y&) - + (6.5 x 1Oj 
and a direct computation shows that for Y < (6 + 1)/2, 
That is, 
Yl(r) - Y2(r) - + (6.5 x 1O-6) > 0. 
Therefore, (5.2) holds for every complex number z and the theorem is 
proved. 
6. REMARKS. 
(i) There exists a smallest integer N = Nk, called the index off([3], [4]; 
See also [l], [2]), such that for every z 
m= If WI If WI , 7 ,..-, If W)I N! I 
> I f'Wl 
'--J--P 
j = 0, 1, 2 ,... . Since Jk(z) has a zero of order K at the origin, Nk 3 R. Thus 
we have 
k<N,<2k--I. 
(ii) By more detailed calculations we can prove that 
N,4+2], k >2; Nk =2, k =2. 
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